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Introduction
The past dynamics of comet 67P/Churyumov-Gerasimenko becomes rapidly uncertain for increasing time-intervals because of its several close encounters with Jupiter: very small errors in the initial conditions, as well as in the parameters determining the forces model, can be amplified at any close encounter with Jupiter, or other planets. This behaviour is typical of the comets of the so called Jupiter family (see, for example, [16, 17, 11, 12, 23] ). Specifically, for comet 67P/ChuryumovGerasimenko, a sequence of deep close encounters with Jupiter (the last deep one occurred in 1959, see [3, 2, 4] ) limits the precision of its orbit computation to few centuries (see [7, 18] ). This uncertainty is annoying, since, a detailed knowledge of the long-term past dynamics of the comet would be a useful complement to some of the outcomes of the experiments of the Rosetta mission, see [1, 22] .
In this paper we perform an analysis of the dynamics of comet 67P with a technique developed in the last decade in the framework of hyperbolic dynamical systems [6, 5, 13, 14] , recently modified to analyze close encounters in the three-body problem approximation ( [9] , see also [19, 8, 9, 10] ). In this study we suitably adapt the technique to study the close encounters of a real body with a Planet using a model of the Solar System compatible with the JPL DE431 ephemerides, which in particular takes into account the gravitational interactions with the Planets and with the four most massive asteroids, general relativity and the non-gravitational cometary forces modeled by the so-called standard model of cometary dynamics.
Though it is not possible to determine the precise orbit of an individual object performing multiple close encounters with a planet in a fixed time interval [0, T ], we determine the phase-space structure of all the initial conditions whose orbits have close encounters in [0, T ]. In fact, on suitably chosen sections of the phase-space, the structure of the close encounters appears as the ridges of a chaos indicator, precisely the Fast Lyapunov Indicator [19, 8] , modified by filtering the contributions due to any single close encounter [9] . The skeleton of this structure is represented by the collision manifold, that is the set of initial conditions whose orbits have a collision with the barycenter of the planet in [0, T ]. Since we do not know the initial conditions of the comet with infinite precision, we do not know its exact localization relatively to the structure of close encounters, but we have hints about all the typical dynamics which are compatible with the uncertainties in the orbital determination. Profitting of the knowledge of the collision manifolds, these typical dynamics can be analyzed with statistical purposes by changing the initial conditions only on a one dimensional direction transverse to the collision manifold, rather than through the sixth dimensional confidence ellipsoid, with considerable saving of CPU time: a sampling of N initial conditions with our method corresponds to a sampling of N 6 initial conditions in the 6th dimensional space of initial positions and velocities of the comet. Moreover, the topological coherence of the detected structures provides an indication of good control of round-off approximations. Our analysis can be performed on any Jupiter family comet, we treat the 67P/Churyumov-Gerasimenko as a case study, since as an outcome of the Rosetta mission we have a particularly good determination of the orbital parameters and of the parameters A 1 , A 2 , A 3 entering the definition of the standard model of cometary dynamics. Our results, reported in Section 3, are specific to comet 67P, and cannot be exported to other Jupiter families comets without specific analysis.
For 67P/Churyumov Gerasimenko, we find in particular that within the uncertainties for the initial conditions provided by the JPL ephemerides system, the comet could have visited in the past 150000 years regions distant more than 50 AU from the Sun with a probability of 72 per cent (and regions distant more than 100 AU from the Sun with a probability of 60 per cent), before being injected in the inner Solar system, and could have passed under the Jupiter Roche limit with a probability of about 4 percent. Are these results indicating a certain dynamical origin for the comet? We will return to these delicate question in the Conclusions Section.
The paper is organized as follows. In Section 2 we describe the Fast Lyapunov Indicator method for the computation of the structure of close encounters; in Section 3 we report the results obtained for comet 67P/Churyumov-Gerasimenko; in Section 4 we provide conclusions.
The Fast Laypunov Indicator analysis of close encounters
We refer to the dynamics of comet 67P as the dynamics obtained from the initial conditions provided by the JPL ephemerides system with a numerical integration of the forces model described in [24] , Section 1.2, accounting for the gravitation of the planets, from Mercury to Pluto; the most important postNewtonian contributions from general relativity; the non gravitational forces modeled by the standard-model of cometary dynamics [20] , (with values of the parameters A 1 , A 2 , A 3 provided by the JPL ephemerides system); the gravitational interaction with four asteroids (Ceres, Pallas, Vesta, Hygea). The small-scale analysis which we consider is sensitive to all these contributions in different extents; other effects, such as additional asteroids, have very little impact (see Section 3, figure 3 ), while the non-sphericity of the Sun, does not seem to have any relevance. Our analysis is based on the numerical integrations of the orbits of hundreds of thousands of fictitious comets, whose initial conditions are obtained by slightly changing the initial conditions of comet 67P. We denote by ξ = (r,ṙ) = (x, y, z,ż,ẏ,ż) the vector of Cartesian components of the position r and velocityṙ of a fictitious comet in a heliocentric reference frame, and bẏ
the first order differential equations defining the dynamics of the comet. For any initial condition ξ 0 (the initial condition of the comet will be denoted by ξ * ) at a given reference epoch 1 , we numerically integrate backward equations (1) as well as its variation equations:
with some initial conditions
(ξ ,t) denotes the Jacobian matrix of F(ξ ,t); ξ (t) denotes the solution of (1) with initial conditions ξ (0) = ξ 0 ). The growth of the norm of the tangent vector w(t) with time, where w(t) is the solution of the variational equations with initial conditions (ξ (0), w(0)) = (ξ 0 , w 0 ), is a well known method of characterizing the divergence of orbits with initial conditions very close to ξ 0 . Even if the traditional technique of computation of characteristic Lyapunov exponents, that is of quantities:
is not suitable for the case of close encounters (the equations are singular and orbits can escape from the Solar System), all the fictitious comets with initial conditions close to ξ * are characterized by some strong growth of w(t) . As a matter of fact, the growth of tangent vectors due to close encounters has analogies with the growth of tangent vectors for initial conditions close to the stable and unstable manifolds of hyperbolic orbits (see [8] ), a case which has been analyzed in detail in [9] . In this analogy, the stable manifold is identified with the collision manifold, that is the set of initial conditions whose orbits have a collision with the barycenter of the planet in [0, T ].
As a consequence, the distance of an initial condition from an initial condition on a collision orbit is well characterized by a dynamical indicator obtained from the Fast Lyapunov Indicator. In [9] we have modified the indicator with the introduction of a window function whose effect is that of filtering out all the contributions to the indicator which are not due to close encounters. Precisely, the Fast Lyapunov Indicator of ξ 0 modified with a window functions u(ξ ), at time T is defined by ( [9] , and also [10] ):
where ξ (t), w(t) are the solutions of equations (1) and (2) with initial conditions (ξ (0), w(0)) = (ξ 0 , w 0 ), and r j (t) denotes the orbit of the j-th planet, which is Jupiter for Jupiter-family comets. A suitable choice for u (see [9] ), obtained from the so-called Hanning window, is:
where ρ is a parameter, which will be chosen of the same order of the Hill radius. The FLI defined in (3) measures the chaotic effects on an orbit due to the close encounters with Jupiter in the time interval [T 0 , T ]. By computing this modified Fast Lyapunov Indicator, hereafter simply denoted by FLI, on two dimensional surfaces of different initial conditions, the collision manifold appears as the ridges of the FLI, and the initial conditions close to the top of a ridge, that is initial conditions with a significant FLI value, have close encounters which give rise to significant divergence of their nearby orbits. Moreover, since the FLI rapidly decreases by increasing the distance from the top of the ridge (see [9] ), the collision manifold is sharply identified and the distribution of FLI values provides the topological structure of close encounters. We remark that a property of the ridge structures of close encounters is its stability with respect to small variations of the forces model, while the individual orbits are not. In fact, even if a small change of the model can produce a big change to an orbit with initial conditions ξ 0 , very close to ξ 0 there will be initial conditions with dynamics similar to the previous one, so that the ridges will be only slightly moved, see Section 3 for examples.
Results
FLI detection of the collision manifold. We obtain sharp representations of the structure of close encounters by computing the FLI for refined grids of initial conditions in the two-dimensional surface of the space of the Cartesian coordinates and velocities:
where (x * , y * , z * ,ẋ * ,ẏ * ,ż * ) is the initial condition of comet 67P provided by the JPL Horizon ephemerides system, and σ = σ 1 = 10 −6 or σ = σ 2 = 10 −7 AU/day. The values of σ 1 and σ 2 have been chosen according to the errors on the determination of the initial conditions, and according to the stability of the detected structures with respect to small changes of the forces model. The FLI (3) is computed using the same initial tangent vector w(0); the numerical integration of the variational equations is performed with negative time steps from the initial epoch of 11-14-2014, here identified by t = 0, while T 0 is set just prior to the deep close encounter of 1959 (which is experienced by all the initial conditions which we consider), and different values of T < T 0 . Then, the FLI is represented using a color scale, providing this way snapshots of the structure of the close encounters occurring in the time
The results of the FLI computations are represented in figure 1 . Since in figure 1 the yellow color represents the higher values of the FLI, the top of the ridges of the FLI appear as yellow curves 2 , with many typical lobes visible on the zoomed out picture obtained for σ = 10 −6 . All these curves pinpoint the set of initial conditions whose orbits have had past close encounters with Jupiter, in addition to the deep close encounter of 1959. By increasing |T |, ridges corresponding to other close encounters appear in the pictures: since the ridges do not intersect, it is easy to understand how the ridges are expected to fill densely the picture by increasing further the time |T |. Within a ridge, the depth of all these encounters is related to the FLI value: to detect the orbits with deeper and deeper close encounter one needs to zoom in the ridge, see figure 2 . The ridges detected in figure 1 are stable by small changes of the model, even if the individual orbits are not. This is shown in figure 3 , where we compare the detection of the ridge structures and the individual orbits of fictitious comets computed with two different forces model: model (A), corresponding to the forces model described in Section 1, which includes also the four most massive asteroids, and model (B) corresponding to model (A) with seven additional asteroids (Euphrosyne, Eunomia, Davida, Interamnia, Cybele, Juno and Psyche). On the top panels we represent the value of the FLI computed for many initial conditions with |T | = 400 yrs, by numerically integrating the model (A) of the Solar system (black line), and model (B) (blue line). All the initial conditions have x 0 = x * , y 0 = y * , z 0 = z * ,ẋ 0 =ẋ * ,ẏ 0 =ẏ * and |ż 0 −ż * | ≤ 10 −7 AU/day (top-left panel). The FLI profile represented in the top panels provides one-dimensional sections of the ridges represented in figure 1 , left-panels. From the top-left panel of figure 3 we appreciate that the FLI profile of the black and blue curves are very similar, and to appreciate the differences we need to represent a zoom (top-right panel). In the zoom, we clearly appreciate that for both models a peak of the FLI is detected, and the effect of the 7 additional asteroids moves the peak of only 50 centimeters/day! The computation of the ridges is very stable with respect to the small perturbation due to the seven additional asteroids, even if individual orbits are not: from the bottom panels we appreciate that two sample orbits obtained from the same initial conditions, but integrated with the two models, are well separated at 450 years backward. Cumulative dynamical effect of close encounters. We here discuss the cumulative effect on the dynamics due to the several close encounters of the comet with Jupiter. In particular, we consider the statistics of the passages of the comet below the so called Roche limit (where the comet can disintegrate due to Jupiter's tidal forces), and the measure of the past maximum distance from the Sun reached in some interval [T, T 0 ].
First, we represent such maximum distance D for a large set Figure 1 . Representation of the FLI (3) computed a grid of 500 × 500 initial conditions regularly spaced on (ẋ,ż) (the axes on the picture, which represent (ẋ 0 −ẋ * ,ż 0 −ż * )-the other initial conditions are x 0 = x * , y 0 = y * , z 0 = z * ,ẏ 0 =ẏ * ), computed for |T | = 300 yrs (top panels) and |T | = 500 yrs (bottom panels); the left panels are a zoom of the right ones. The FLI is reported using a color scale, such that the highest FLI values correspond to the yellow color. In such a way, the yellow curves on the picture correspond to the ridges of the FLI indicator, and pinpoint the set of initial conditions whose orbits have past close encounters with Jupiter, additional with respect to the deep close encounter of 1959. of fictitious comets with initial conditions in Σ, for |T | = 500 yrs (figure 4, top panels). The curves of the largest maximum distance are clearly correlated to the ridges of the FLI (compare with figure 1 ), but at a first glance, the zoomed out picture (top-left panels) seems to reveal that only few initial conditions on a selected ridge have D larger, for example, than 15 AU (corresponding to orange in the picture). By zooming in around the origin (figure 4, top-right panel), we understand that the top of one of the ridges is uniformly characterized by initial conditions with maximum distances larger than 15 AU. Therefore, on the one hand, to detect correctly the probability of finding orbits with large maximum distances we need to zoom in the ridges, on the other hand, to compute such probabilities we are allowed to fix one additional initial condition, such asẋ 0 =ẋ * .
In the bottom panels of figure 4 we represent the computation of the maximum distance D for 10000 initial conditions, obtained from ξ * by changing onlyż * , for |T | = 1000 yrs and |T | = 2000 yrs (a cut-off distance of 100 AU has been also introduced; the integrations are not stopped even if the comet passes under the Roche limit): by increasing the integration time, we obtain a significant increase of the number of ridges characterized by a large value of D. Due to the sharp oscillations of D with respect toż 0 , only a statistical interpretation of these results is possible. In figure 5 we represent the statistics about the time evolution of D for a sample of N = 1000 fictitious comets, whose initial conditions regularly spaced onż 0 in the interval |ż 0 −ż * | ≤ 10 −7 (the other initial conditions are the same as ξ * ). Due to our knowledge of the collision manifold, our one dimensional sampling of initial conditions is representative of a multi-dimensional sampling of N 6 elements.
Precisely, for any time |T | ranging from 0 to 150000 yrs, we report the percentages of fictitious comets whose maximum distance from the Sun has been smaller that 30 AU; between 30 and 50 AU; between 50 and 100 AU and larger than 100 AU. We also reporte the percentage passed under Jupiter's Roche limit. For figure 5, we appreciate a large probability for the comet of having being injected in the inner Solar System from large d istances from the Sun: from distances larger than 100 AU from the Sun with a probability of 60 per cent in the past 150000 years and, from distances larger than 50 AU from the Sun with a probability of 72 per cent. Moreover, the comet could have passed under the Jupiter's Roche limit with a probability of about 4 percent in the same time interval.
Details about the numerical integrations. All the numerical integrations have been performed in double precision with an integrator which we specifically designed for this experiment. The comet and all the planets are integrated at the same time, with individual integration steps performed with a well known 6th-order Runge-Kutta integrator, but the step-size is adjusted within the code to treat close encounters as follows: if the comet is outside 3/2 Hill radii of any planet, all the bodies are integrated with a step-size τ 0 of 2.4 hours; if the comet is at a distance from a Planet smaller that 3/2 Hill radii the integration step-size τ is reduced so that in modulus it is the smaller between τ 0 /10, 10 −8 d 2 /GM, 10 −5 / |ṙ|, where d denotes the distance between the comet and the closest planet and GM the product of the gravitation constant G and the mass of that planet. The variational equations are integrated the same way. The results are stable by further reductions of the time step: by reducing all the time steps by a factor 10 on sample orbits, we do not notice differences in their orbits before and after Figure 3 . Effects of the small variations of the forces model to the ridge structure of close encounters and to individual orbits. On the top panels we represent the value of the FLI computed for many initial conditions with |T | = 400 yrs, by numerically integrating the model of the Solar system including the four most massive asteroids (model (A), black line), and another model including seven additional asteroids (model (B), blue line). All the initial conditions have x 0 = x * , y 0 = y * , z 0 = z * ,ẋ 0 =ẋ * ,ẏ 0 =ẏ * and differenṫ z 0 ∼ż * . From the top-left panel we appreciate that the FLI profiles obtained with both models (A) and (B) are very similar, and to appreciate the differences we represent a sample zoom in the top-right panel. We clearly appreciate that for both models a peak of the FLI is detected, and the effect of the additional asteroids moves the peak of only 50 centimeters/day. On the bottom panels we represent instead the effect of the additional asteroids on the orbit with initial conditions corresponding to the top of the left-peak (marked with an arrow). In the bottom-left panel the FLI evolution for a time interval ranging from 0 to 450 years backwards is represented: the impulsive variations of the FLI occur at the close encounters: the very small difference in the two models changes the time of some close encounters, and this is amplified at the other close encounters. The close encounter occurring at 400 yrs backward determines the strong divergence of the two orbits, whose projection on the x − y plane is represented in the bottom-right panel. Up to 400 years the two orbits are almost identical, but between 400 and 450 years backward the two orbits are well separated. figure 1) ; the topology detected in the zoomed in picture indicates that we can continue the exploration by fixing the value ofẋ 0 =ẋ * : in the bottom panels we represent the maximum distance from the Sun reached in the interval [T, T 0 ] by 10000 orbits with all the initial conditions equal to ξ * , except forż 0 , and times T = 1000 (bottom-left panel) and T = 2000 (bottom-right panel). 
Conclusions
The computation of the FLI indicator on a large number of initial conditions provides us the knowledge of the collision manifold of the comet 67P/Churyumov-Grasimenko with Jupiter, as well as the structure of the close encounters which determine divergence of the orbits. On the base of these computations, we have been able to choose a direction which is transverse to the branches of the collision manifold. By computing the backward time evolution of many orbits with initial conditions along this direction, we obtained that a large fraction of them, corresponding to 60 per cent, have visited in the past 150000 years regions of the Solar System distant more than 100 AU from the Sun. Therefore, there is a strong dynamical link between these regions of the phase space and the present values of orbital parameters of the comet. Is this fact indicating a certain dynamical origin of the comet? The answer could be quite complex, as the paradgmatic case of comet Encke suggests. The first aspect to consider is the intimate nature of statistics, which is valid for many fictotious comets with orbital parameters very close to those of 67P, but does not apply on the single real object. The second aspect to consider concerns backward integrations of systems with dissipation. It is well known that strongly dissipative systems cannot be integrated backwards, for example when the initial condition is in some attractor, but this seems not to be the case of comet 67P, since dissipation is weak and acting mainly close to the perycenter; in any case this point should be further developed. The third aspect is of astronomical type, since it is generally accepted that the probability for a comet to transit from the Oort cloud to the Jupiter family (with forward integrations) is very small. For all these reasons, we think that our result could be used to understand the origin of the comet only in presence of additional knowledge, independent from dynamics.
